Variational Autoencoder and

Extensions

Aaron Courville




Outline

e \ariational autoencoder (VAE)

e Semi-supervised learning with the VAE

e Sequential application of VAE: the VRNN
® |ncorporating normalizing flows

® |ncorporating MCMC in the VAE inference
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Deep directed graphical models

 The Variational Autoencoder model:

- Kingma and Welling, Auto-Encoding Variational Bayes, International
Conference on Learning Representations (ICLR) 2014.

- Rezende, Mohamed and Wierstra, Stochastic back-propagation and
variational inference in deep latent Gaussian models. |ICML 2014.

 Unlike RBM, DBM, here we are interested in deep directed graphical
models:
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Latent variable generative model

® J|atent variable model: learn a mapping from some latent variable z
to a complicated distribution on .

po) = [ plawz) dz where p(a,z) = p(a | 2)p(2
p(z) = something simple  p(x | z) = g(2)

e (Can we learn to decouple the true explanatory factors underlying the
data distribution? E.g. separate identity and expression in face images

29 H5))
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21 15

Image from: Ward, A. D., Hamarneh, G.: 3D Surface Parameterization Using Manifold Learning for Medial Shape Representation, Conference on Image Processing, Proc. of SPIE Medical Imaging, 2007
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Variational autoencoder (VAE) approach

e | everage neural networks to learn a latent variable model.

plz) = / p(z,2) dz where p(z,z) = p(x | 2)p(2)

p(z) = something simple plx|z)=g9g(z)
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The inference / learning challenge

® Where does zcome from? — The classic directed model
dilemma.

e Computing the posterior p(z | @) is intractable.

e \We need it to train the directed model.
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Variational Autoencoder (VAE)

® \Where does z come from”? — The classic DAG problem.

e The VAE approach: introduce an inference machine ¢4 (z | )
that learns to approximate the posterior po(z | ).

- Define a variational lower bound on the data likelihood: P¢ (x) > 5(97 P, f)

[,((9, ¢, $) — ﬂqu(z

z)

log po(z,2) —logqs(z | x))

z) + log po(

regularization term reconstruction term

e Whatis ¢4(z|x)?
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The VAE approach: introduce an inference model g4 (% | x)

that learns to approximates the intractable posterior po(2 | x)

by optimizing the variational lower bound:

-+ chb(zm) [logpg(a: ’ Z)]

)

We parameterize 9¢(2 | ) with another neural network:

—Dxr (g¢(2 | #) po(2)
40 (2 | ) = q(z; (2, 9))
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Reparametrization trick

e Adding a few details + one really important trick

® |et's consider zto be real and ¢s(% | ) = N (z; ps(x), 0,(x))
® Parametrize zas z = u.(x) + 0,(x)e, where €, = N(0,1)

(optional) Parametrize za = = . (z) + 0.(2)e, where €, = N (0,1)
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Training with backpropagation!

e Due to a reparametrization trick, we can simultaneously train both
the generative model py(x | 2) and the inference model q¢(z | x)
by optimizing the variational bound using gradient backpropagation.

Objective function: L£(0, ¢, r) = —Dxkr (q¢(2 | )| pe(2)) + Eq, (2]2) [log pe(z | 2)]

Forward propagation
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Relative performance of VAE

—100 | Nilfmin

= 1000 N,

| —125 | Itmin |

— Wake-Sleep (train)
- = Wake-Sleep (test)
-  MCEM (train)

- = MCEM (test)

—  AEVB (train)

- - AEVB (test)

—-135

I
=
N
o

—-140

—145

I
=
D
o

—-150

Marginal log-likelihood
|
W
o

~150 ~155

—-160
0 10 20 30 40 50 60 0 10 20 30

# Training samples evaluated (millions)

—-160

Figure 3: Comparison of AEVB to the wake-sleep algorithm and Monte Carlo EM, in terms of the
estimated marginal likelihood, for a different number of training points. Monte Carlo EM is not an
on-line algorithm, and (unlike AEVB and the wake-sleep method) can’t be applied efficiently for
the full MNIST dataset.

Note: MCEM is Expectation Maximization, where p(z|x) is sampled using
Hybrid (Hamiltonian) Monte Carlo

For more see: Markov Chain Monte Carlo and Variational Inference: Bridging the Gap,
Tim Salimans, Diederik P. Kingma, Max Welling

Figure from Diederik P. Kingma & Max Welling
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http://arxiv.org/find/stat/1/au:+Salimans_T/0/1/0/all/0/1
http://arxiv.org/find/stat/1/au:+Kingma_D/0/1/0/all/0/1
http://arxiv.org/find/stat/1/au:+Welling_M/0/1/0/all/0/1

Effect of KL term: component collapse
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Component collapse & decoder weights

14 VAE component collapsing and column norm

I KL divergence

B Column norms
> A

Decoder weight norms

10

Figure from Laurent Dinh & Vincent Dumoulin
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Semi-supervised Learning with

Deep Generative Models

Diederik P. Kingma, Danilo J. Rezende, Shakir Mohamed, Max Welling (NIPS 2014)



Semi-supervised Learning with Deep Generative Models

Diederik P. Kingma, Danilo J. Rezende, Shakir Mohamed, Max Welling (NIPS 2014)

They study two basic approaches:

 MA1: Standard unsupervised feature learning (“self-taught learning”)

- Train features z on unlabeled data, train a classifier to map from z to label y.

-  Generative model: (recall that x = data, z = latent features)
p(z) = N(20,I);  po(x|z) = f(x;2,0),

 M2: Generative semi-supervised model.

p(y) = Cat(y|w);  p(z) = N(z|0,I);
pQ(X‘ya ) f(X Y, Z, 9
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Semi-supervised Learning with Deep Generative Models

Diederik P. Kingma, Danilo J. Rezende, Shakir Mohamed, Max Welling (NIPS 2014)

«  M1+M2: Combination semi-supervised model

- Train generative semi-supervised model on unsupervised features z1 on
unlabeled data, train a classifier to map from z1 to label z1.

Do (X7 Y, 21, ZQ) — p(y)p(z2)p9 (Zl ‘ya Z2)p9 (X|Z1), Q

O
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Semi-supervised Learning with Deep Generative Models

Diederik P. Kingma, Danilo J. Rezende, Shakir Mohamed, Max Welling (NIPS 2014)

« Approximate posterior (encoder model)

- Following the VAE strategy we parametrize the approximate posterior with a
high capacity model, like a MLP or some other deep model (convnet, RNN,
etc).

M1: gy(z[x) = N (z|p, (%), diag (o (x))),
M2: gy (2ly, x) = N (2|14 (y, %), diag(o(x))); qs(y/x) = Cat(y|ms(x)),

- My (X) and O'(Qb(X) are parameterized by deep MLPs, that can share
parameters.

M1:

IFT6266 Hiver 2017 — Aaron Courville



Semi-supervised Learning with Deep Generative Models

Diederik P. Kingma, Danilo J. Rezende, Shakir Mohamed, Max Welling (NIPS 2014)

 M2: The lower bound for the generative semi-supervised model.

Obijective with labeled data:

log po(x,y) > Ky, (z1x,y) 108 po(x|y, z) 4+ log pe(y) + log p(z) — log g4 (z|x, y)] = —L(x,y),

Obijective without labels:

log po(x) > Eqy, (y.x) [10g po(x|y, z) + log pe(y) + log p(z) — log q¢(y, z|x)]
= " a(yPO(=L0x)) + Hlgs(ylx)) = ~U(x).

Semi-supervised objective:

T =D o OO0+ 3 UX)

actually, for classification, they use J“ = J + a - Eg5,(x ) |— 108 g4 (y|x)] ,

IFT6266 Hiver 2017 — Aaron Courville



Semi-supervised MNIST classification results

Diederik P. Kingma, Danilo J. Rezende, Shakir Mohamed, Max Welling (NIPS 2014)

e Combination model M1+M2 shows dramatic improvement:

Table 1: Benchmark results of semi-supervised classification on MNIST with few labels.

N NN CNN TSVM  CAE MTC  AtlasRBF MI+TSVM M2 M1+M2

100 25.81  22.98 16.81 13.47 12.03  8.10 (4 0.95) 11.82 (£ 0.25) 1197 (£ 1.71)  3.33 (4 0.14)
600 11.44  7.68 6.16 6.3 5.13 — 572 (£ 0.049) 4.94 (£ 0.13) 2.59 (£ 0.05)
1000 | 10.7 6.45 5.38 4.77 3.64 3.68 (£ 0.12) | 4.24 (£ 0.07) 3.60 (4 0.56) 2.40 (£ 0.02)
3000 | 6.04 3.35 3.45 3.22 2.57 — 3.49 (£ 0.04) 3.92 (£ 0.63) 2.18 (£ 0.04)

e Full MNIST test error (non-convolutional): 0.96%

- for comparison, current SOTA: 0.61%

IFT6266 Hiver 2017 — Aaron Courville




Conditional generation using M2

Diederik P. Kingma, Danilo J. Rezende, Shakir Mohamed, Max Welling (NIPS 2014)

- - - - - - -

dIddIdIdIdIdLAA 3333333339 UHYYYd 494445y y
dddddldIdA2AL 33333333337 HUYYY Y Y Y Y Yy
ddddId222A24 3333333337 HYUYY Y Y Yy yy
dddIdQ22222 3333333337 HUYY Y Y4 Yy dy
dddd 222222 3333333337 HY4YYYYyyddyddyy
ld22222222 3333333337 HY4YYYdY Y qdddy
el 22222222 3333333337 HMYYYyY 4 ydydyy
2222222222 3333333337 Y4444 444y4yy
212222222212 3333333337 MK KEEEFTFFY
1222222222 3333333337 A444999949¢44
(a) Handwriting styles for MNIST obtained by fixing the class label and varying the 2D latent variable z

4 O(R3Y4SE7F 49
9 01234956789
C 0/ 723¢SC €787
4 01234506789
2012345 67¢%9
7 01 R3YSE789
s /AL L7 ¢7
[ 01234561789
7 01234567219
/| 01 2345672849
(b) MNIST analogies (c) SVHN analogies

Figure 1: (a) Visualisation of handwriting styles learned by the model with 2D z-space. (b,c)
Analogical reasoning with generative semi-supervised models using a high-dimensional z-space.
The leftmost columns show images from the test set. The other columns show analogical fantasies
of x by the generative model, where the latent variable z of each row is set to the value inferred from
the test-set image on the left by the inference network. Each column corresponds to a class label y
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A Recurrent Latent Variable Model

for Sequential Data

Junyoung Chung, Kyle Kastner, Laurent Dinh, Kratarth Goel, Aaron Courville, Yoshua Bengio
(arXiv, 2015)
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VRNN: Model Structure

e Variational recurrent neural network (VRNN) is a recurrent
(conditional) application of the VAE at every time-step.

e Recurrence is mediated through the recurrent hidden layer.

e Motivation: latent variables are a more natural space to encode
stochasticity, standard RNNs encode noise in input.

VAE: VRNN:

+Recurrence

IFT6266 Hiver 2017 — Aaron Courville




VRNN: Model Structure

e Variational recurrent neural network (VRNN) is a recurrent
(conditional) application of the VAE at every time-step.

e Recurrence is mediated through the recurrent hidden layer.

,AQQM

(a) Prior (b) Generation (c) Recurrence (d) Inference

VRNN:

IFT6266 Hiver 2017 — Aaron Courville



VRNN: Prior on z

® Attime step ¢, the latent variable z; is generated as a
function of the recurrent state at time step ¢1.

0 @ Zg N(uo,t’diag(ag,t)) , where [No,t’ UO,t] — Qog-rior(ht—l)

IFT6266 Hiver 2017 — Aaron Courville



VRNN: Generation

® (Generation of z; uses the current latent variable z; and
the previous recurrent state h; .

Gy @ x; | 2 ~ N (g, diag(o2 ) , where [, ,, 04.] = ©2°(¢% (1), by 1)
T

(Generative model
. . p(X<T,2<T) = HP(Xt | Z<t, X<t)P(2¢ | X<ty 2<t).
factorizes over time e

IFT6266 Hiver 2017 — Aaron Courville



VRNN: Recurrence

® Recurrent state h; is a function of the previous recurrent
state, the current observation h; and the current latent
variable h;

S b, =fo (X(xe), ¢ (20), he1)
(=)
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VRNN: Inference

T

e Approximate posterior: ¢(z<7 | X<7) = H q(z¢ | X<t,Z<¢)
t=1

e where the history is summarized by the recurrent hidden

state h..

.
-
-
-
.
-
.

@ @ zt | x¢ ~ N(p, 4, diag(o? ;) , where [, 4, 0] = ©5(¢F (x¢), hy—1)

-~
-~
| n
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VRNN: Learning

e [earning is accomplished via gradient backpropagation:

through the decoder and encoder, as in standard VAE.
and through the recurrent connections, as in the standard RNN.

Objective function:

T
p(x<r,2<7T)
1 ————=]d YY" KL
/ og (q<Z<T | X<T)> q(z<T | X<T) ; (q(z¢ | X<t,221)||p(2¢ | X<t,22t))

+EQ(Zt|X§t,Z<t) log(p(x: | z<t, x<t))].

-
.
,
v
’
'

’ ’
¢ ¢
' ’
N ’

» ’
v
'
'
'
.
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'
.
.
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Factored version of the variational lower bound
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VRNN: Results

e Results on speech synthesis and handwriting synthesis

e Using stochastic latent variables allows for a more effective model
than adding the stochasticity in the input

Table: Average log-probability on the test (or validation) set of each task.
Speech modelling Handwriting
Models Blizzard TIMIT Onomatopoeia | Accent | IAM-OnDB
RNN-Gauss 3539 -1900 -984 -1293 1016
RNN-GMM 7413 26643 18865 3453 1358
VRNN-I-Gauss || > 8933 | > 28340 > 19053 > 3843 > 1332
~ 9188 | =~ 29639 ~ 19638 ~ 4180 ~ 1353
VRNN-Gauss > 9223 | > 28805 > 20721 > 3952 > 1337
~ 9516 | ~ 30235 ~ 21332 ~~ 4223 ~ 1354
VRNN-GMM > 9107 | > 28982 > 20849 > 4140 > 1384
~ 9392 | =~ 29604 ~ 21219 ~ 4319 ~ 1384
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VRNN: KL Divergence

e The KL divergence tends to be fairly sparse and seems to be most
active at motif transitions.

“’Lzat R l“bzvt_ly J\M/\—\,/\M \\/\M\\/LV\

KL divergence: REEENLNE LEEREEN FEEDCEEERECEEES

input waveform:
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VRNN: Writing synthesis

* Predicting a sequence of (x,y) locations of the next destination of the

pen.
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DRAW

Deep Recurrent Attentive Writer

Karol Gregor, Ivo Danihelka, Alex Graves, Danilo Jimenez Rezende, Daan Wierstra
Google Deepmind - (ICML, 2015)

34


http://arxiv.org/find/cs/1/au:+Gregor_K/0/1/0/all/0/1
http://arxiv.org/find/cs/1/au:+Danihelka_I/0/1/0/all/0/1
http://arxiv.org/find/cs/1/au:+Graves_A/0/1/0/all/0/1
http://arxiv.org/find/cs/1/au:+Rezende_D/0/1/0/all/0/1
http://arxiv.org/find/cs/1/au:+Wierstra_D/0/1/0/all/0/1

DRAW: Deep Recurrent Attentive Writer

e Augments the encoder and decoder with recurrent
neural networks.

® |nference and generation defined by a sequential
process, even for non-sequential data.

e Adds an attention mechanism over the input to define a
sequential process.
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Variational Autoencoder Recap

p(x | 2)

decoder
MLP
1

s

t

sample Generative (decoder) model

| Inference (encoder) model
q(z | )
1
encoder
MLP

1

read

I

xIr
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DRAW Model

5 Canvas at t)

Cit—1 —>

—> ooo—)CT—>p(ZB | ZT)

dec a
ht—l

write [— Gt — write
decoder R decoder
RNN RNN
1 1
<t Zt+1
1 1
sample | NN ... sample | Generative (decoder) model

enc
ht—l

|
1

Inference (encoder) model

Q(Zt+1 | iB,Zl:t)

encoder R encoder
RNN RNN
read read
| |
X T
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DRAW MNIST Generation

e Simplest instantiation of DRAW is without an attention

mechanism.

e Entire input is passed to the encoder at every time-step

e Decoder writes to entire canvas at every time-step

read(x, &y, hi°%) = [x, 4]

write(h{®) = W (h)
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DRAW Attention Mechanism

« DRAW can use a differentiable
attention mechanism.

* Attention uses recurrence (via the
decoder) to select subsets of x for
reading and writing.

* Attention controls the extracted
patch location, scale and blur.

IFT6266 Hiver 2017 — Aaron Courville




DRAW Attention Mechanism

Gaussian grid filters: ‘

IFT6266 Hiver 2017 — Aaron Courville 40



DRAW: Cluttered MNIST Classification

e Draw w/ attention being applied to a
classification task: cluttered MNIST.

e Attention learns to focus on the digit
In the scene.

Table 1. Classification test error on 100 x 100 Cluttered Trans-
lated MNIST.

Model Error

Convolutional, 2 layers 14.35%
RAM, 4 glimpses, 12 x 12, 4 scales 9.41%
RAM, 8 glimpses, 12 x 12, 4 scales 8.11%
Differentiable RAM, 4 glimpses, 12 x 12 | 4.18%
Differentiable RAM, 8 glimpses, 12 x 12 | 3.36%
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DRAW MNIST Generation with Attention

Samples from DRAW with Attention:

NLL of MNIST test samples:

Model — logp <
DBM 2hl [1] ~ 84.62

DBN 2hl [2] ~ 84.55

NADE [3] 88.33
EoNADE 2hl (128 orderings) [3] 85.10
EoNADE-5 2hl (128 orderings) [4] 84.68

DLGM [5] ~ 86.60

DLGM 8 leapirog steps [6] ~ 85.01 &88.30
DARN 1hl [7] ~ 84.13 88.30
DARN 12hl [7] - 87.72
DRAW without attention - 87.40
DRAW - (8097 )

Image from Jorg Bornschein /

This is really low!
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DRAW MNIST Generation with Attention

Reading MNIST
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Innovations in VAE Inference
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Inference Iin the VAE

« VAE inference approximates the posterior pe(z | ) with a distribution
that is conditionally independent in z : q¢(z | ) = | [ ¢ (2: | )

Consequence: Non-multimodal, i.e. unimodal distribution.

« Can parametrize some distribution (e.g. a full cov. Gaussian), but what
Is the right distribution?

« Can we lessen this restriction? How can we get closer to pe(z | ) ?
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Variational Inference with

Normalizing Flows

Danilo Jimenez Rezende, Shakir Mohamed
Google Deepmind - (ICML, 2015)
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http://arxiv.org/find/stat/1/au:+Rezende_D/0/1/0/all/0/1
http://arxiv.org/find/stat/1/au:+Mohamed_S/0/1/0/all/0/1

Normalizing Flows

* How do we specify a complicated joint distribution over z?

Normalizing flows: the transformation of a probability density through
a sequence of invertible mappings.

- By repeated application of the rule for random variable transformations, the initial
density flows through the sequence of invertible mappings.

- At the end of the sequence, we have a valid (maybe complex) probability distribution.

« Transformation of random variables: z' = f(2), f '(z') =z
For invertible functions:

q(2") = q(2)

—1

of 1
0z’

of
0z

det det —

=q(2)

« Chaining together a sequence: zx = frofx_10---ofy0 fi(20)

Of &

det —=
y &zk

log qi (2K ) = log go(20) Zlog
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Normalizing Flows

 Law of the unconscious statistician: expectations w.r.t. the
transformed density ¢x(zx) can be written as expectations w.r.t. the

original go(z0). For zx = fr o fx_10---0o fy0 Fi(20),
Eqx [Q(ZK)] = Egl9(fxofx_10-0f5 Of1(z0))]

« The variational lower bound:

L0, 0, ) = Eq,(z]z) l0gpo(x, 2) —loggs(z | )]
— {'QK(ZK) [logp(w, ZK) — log QK(ZK)]
- K af ]
ﬂ k
— tqg(zo) lng(fL‘, ZK) o log QO(ZO) T kz::llog det azk—l
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Normalizing Flows for VAE posteriors

- Consider the family of transformations: f(z) = z + uh (sz + b)

w(z)=h (w'z+b)w det g]ze = |1 fu,Tw(z)|

« Chaining these transformatlons gives us a rich family of posteriors,

log gk (2K ) = log go(20) Zlog}lJruk%(Zk)‘

k=1
qo

Unit Gaussian

Uniform
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Normalizing Flows for VAE posteriors

- Normalizing flow integration into the VAE: f(z) = z + uh (,sz + b)

Normalizing Flow

Inference network Generative model

* Normalizing flows are fully differentiable, so learning via gradient
backpropagation can proceed as before.
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Normalizing Flows for VAE posteriors

« Quantitative comparison to other methods shows the benefit of the

normalizing flows.

IFT6266 Hiver 2017 — Aaron Courville

Model — In p(x)
DLGM diagonal covariance < 89.9
DLGM+NF (k = 10) < 87.5
DLGM+NF (k = 20) < 86.5
DLGM+NF (k = 40) < 85.7

DLGM+NF (k = 80)

DLGM+NICE (k = 10)
DLGM+NICE (k = 20)
DLGM+NICE (k = 40)

VANVANVANVANIVAN
00 00 00 QO| 0O
\]
©

DLGM+NICE (k = 80) 7.2
Results below from (Salimans et al., 2015)

DLGM + HVI (1 leapfrog step) 88.08

DLGM + HVI (4 leaptrog steps) 86.40

DLGM + HVI (8 leaptrog steps) 85.51
Results below from (Gregor et al., 2014)

DARN nj3 = 500 84.71

DARN n;, = 500, adaNoise 84.13

Recall that DRAW achieved <= 80.9/




Improved Variational Inference

with Inverse Autoregressive Flow

Diederik P. Kingma, Tim Salimans, Rafal Jozefowicz
Xi Chen, llya Sutskever, Max Welling - (NIPS, 2016)
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VAE Factorized Posteriors - |AF

(a) Prior distribution (b) Posteriors in standard VAE (c) Posteriors in VAE with IAF

« Standard VAE posteriors are factorized - limiting how well they can
(marginally) fit the prior.

* |AF greatly improves the flexibility of the posterior distributions, and allows
for a much better fit between the posteriors and the prior.
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VAE Factorized Posteriors - |AF

* Inspired by the Normalizing Flows of Rezende and Mohamed (2015).

* Inverse Autoregressive Flow (IAF) uses a simple sequence of
autoregressive latent variables:

=y +09 € random sample € ~ N (0, )
= Wy + 0 O Zy_q

* Recall that for Normalizing Flows:

log q(z7|x) = log q(zg|x) — Z log det

dZt 1

* For lAF, if u and ¢ are autoregressive functions of 7.1, this simplifies to:

D T
/ log q(zr|x) = — Z (%622 + %log(QW) + Zlog 0t,z’>

Subtle but important detail! i—1 t—0

IFT6266 Hiver 2017 — Aaron Courville



VAE Factorized Posteriors - |AF

Approximate Posterior with Inverse Autoregressive Flow (IAF) IAF St
ep

.................
........

X »  Encoder NN h A A h e » Autoregressive NN

0/ \H IAF IAF / / \
ste ste C p'
* i tep tep

v
s—»@—»@——»z—» —> z —> —> - > z z ——>» —> 7

Figure 2: Like other normalizing flows, drawing samples from an approximate posterior with Inverse
Autoregressive Flow (IAF) consists of an initial sample z drawn from a simple distribution, such as a
Gaussian with diagonal covariance, followed by a chain of nonlinear invertible transformations of z,
each with a simple Jacobian determinants.

imy, s;| < AutoregressiveNN|t|(z;, h;0)

o; = sigmoid(s;)

z: =01 O2z_1 + (1 —0) ©my
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VAE approximate inference with |AF

Algorithm 1: Pseudo-code of an approximate posterior with Inverse Autoregressive Flow (IAF)

Data:
X: a datapoint, and optionally other conditioning information
0: neural network parameters
EncoderNN(x; 0): encoder neural network, with additional output h
AutoregressivelNN|x|(z, h; 8): autoregressive neural networks, with additional input h
sum(.): sum over vector elements
sigmoid(.): element-wise sigmoid function
Result:
z: a random sample from ¢(z|x), the approximate posterior distribution
[: the scalar value of log ¢(z|x), evaluated at sample ’z’

(i, 0, h| < EncoderNN(x; 0)

e ~N(0,I)

Z<— 0 O€eE+

| + —sum(logo + 1€ + 1 log(2m))

for ¢ < 1to 1 do

im, s| < AutoregressiveNN|t|(z, h;0)
o < sigmoid(s)
Zz—o0o©®©z+(l—0)Om

| < | — sun(log o)

end
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VAE approximate inference with |AF

Table 1: Generative modeling results on the dynamically sampled binarized MNIST version used
in previous publications (Burda et al., 2015). Shown are averages; the number between brackets
are standard deviations across 5 optimization runs. The right column shows an importance sampled
estimate of the marginal likelihood for each model with 128 samples. Best previous results are repro-
duced in the first segment: [1]: (Salimans et al., 2014) [2]: (Burda et al., 2015) [3]: (Kaae Sgnderby
et al., 2016) [4]: (Tran et al., 2015)

Model VLB log p(x) ~
Convolutional VAE + HVI [1] -83.49 -81.94

DLGM 2hl + IWAE [2] -82.90

LVAE [3] -81.74

DRAW + VGP [4] -79.88

Diagonal covariance -84.08 (= 0.10) -81.08 (£ 0.08)

IAF (Depth = 2, Width = 320)  -82.02 (£ 0.08) -79.77 (£ 0.06)
IAF (Depth = 2, Width = 1920) -81.17 (£ 0.08) -79.30 (£ 0.08)
IAF (Depth = 4, Width = 1920) -80.93 (£ 0.09) -79.17 (£ 0.08)
IAF (Depth = 8, Width = 1920) -80.80 (£ 0.07) -79.10 (£ 0.07)
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Markov Chain Monte Carlo and

Variational Inference: Bridging the Gap

Tim Salimans, Diederik P. Kingma, Max Welling
(ICML, 2015)
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http://arxiv.org/find/stat/1/au:+Salimans_T/0/1/0/all/0/1
http://arxiv.org/find/stat/1/au:+Kingma_D/0/1/0/all/0/1
http://arxiv.org/find/stat/1/au:+Welling_M/0/1/0/all/0/1
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Variational inference (a la VAE) and MCMC inference have different

properties

VI has a fixed parametric form / MCMC asymptotically approaches p(z | x)

Variational inference (V1) is efficient / MCMC is computationally intensive
Can we combine these two approaches to find a good compromise?
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Hamiltonian (Hybrid) Monte Carlo

« PBasic ldea:

- Consider sampling from the posterior p(z | @) as a physics simulation from a
frictionless ball rolling on the potential energy surface F(x,z) = log p(x,z).

- Augment with a velocity v with kinetic energy: K (v) =v ' v/2

- Total energy = Hamiltonian: H(x,z,v) = E(x,z) + K(v)

* HMC innovation: If gradients of H(x,z,v) are available then we can
use that information to move around the surface more effectively.

IFT6266 Hiver 2017 — Aaron Courville



Hamiltonian (Hybrid) Monte Carlo

The HMC algorithm:

- Gibbs sample the velocity v ~ N (0, 1)
- Simulate leapfrog dynamics for T steps
- Accept new position with probability

min |1, exp(H (¢, z9,v9) — H(x, zp,v7))]

Leapfrog dynamics:

€
’Ut_|_% — V¢ — §vz (lng(CU, Zt))

Zite = 2t + €Vi4 £

€
Vtte = Ut — §vz (lng(CU, Zt—l—G))
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HMC for Deep Generative Models

The HMC algorithm:

- Gibbs sample the velocity v ~ N (0, 1)
- Simulate leapfrog dynamics for T steps

min [1, exp(H (x, z9,vo) — H(x, 2z, v71))]

VV‘

Leapfrog dynamics: ‘ S
"AA? ‘
€ ’::v:‘H 0 Q'
Vit e = Ut — -V (logp(x, 2¢)) AN 'uvi ‘\\6»4
2 v A‘f\"u\\‘
_ < Y\
Zite = 2t T €V \
bree = Veg — Vs (logp(. 20e0) < propagaton] Q) 7
po(z | 2)
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Hamiltonian Variational Inference (HVI)

Fusing the VAE and HMC.:

 Central Idea: Interpret the stochastic Markov chain (from HMC)
T

0(z | ) = q(zo | ®) | | a(2¢ | ze-1, @)

t=1
as a variational approximation in an expanded space.

* Consider y = «,21,2,...,2:1 t0 be a set of auxiliary random variables.

 We obtain a new (lower) lower bound on the log-likelihood:

Laux = 41q(y,zT|a:) [lng(ZB, ZT)r(y | €L, ZT) — log Q(ya =T | .’13)]
= L — <1:q(zT|:13) {DKL [Q(y | =T ZE)HT(y | <7 ZB)]}
< L < logp(x)

where r(y | z7,x) is an auxiliary inference distribution (we choose it).
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Hamiltonian Variational Inference (HVI)

« Assume the auxiliary inference distribution has a Markov structure:

r(zo,--,2t-1 | @, 27) = HTt(Zt—l | @, z¢)
t=1

 With this, lower bound becomes

T(Zo, A 4 | ‘ £, ZT)
L... =E 1 : l
au a(y.zr|2) |108P(T, z7) + log q(z0;--- 27 |T)
ﬂ a:zT tht 1\wzt)
— |{, 10 10

* This will work for any MCMC method. Specializing to HMC involves
some details (like considering the velocity). See paper for details.
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Hamiltonian Variational Inference (HVI)

Algorithm 3 Hamiltonian variational inference (HVI)

Require: Unnormalized log posterior log p(x, 2)
Require: Number of iterations 1T
Require: Momentum 1nitialization distribution(s)
q:(vy|z:—1, x) and inverse model(s) r;(v¢|2¢, )
Require: HMC stepsize and mass matrix e, M
Draw an initial random variable zy ~ ¢(zp|x)
Init. lower bound L = log|p(x, zp)] — log|q(z¢|x)]
fort=1:7Tdo
Draw initial momentum v; ~ q;(v;|z, z;_1)
Set z;, v; = Hamiltonian_Dynamics(z;_1, v})
p(x,ze)Te (v |, 2¢)

p(x,2¢t—1)q¢ (’Ué |x,2¢—1)

Update the lower bound L = L + log|ay]
end for

return lower bound L, approx. posterior draw z

Calculate the ratio oy =
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Hamiltonian Variational Inference (HVI)

Fusing the VAE and Hamiltonian MC

Gibbs sample the velocity v ~ N (0, T)
Simulate leapfrog dynamics for T steps

Accept new position with probability
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< Backward propagation

q¢(z | )

po(7 | 2)

Algorithm 3 Hamiltonian variational inference (HVI)

Require: Unnormalized log posterior log p(z, 2)
Require: Number of iterations 1T’
Require: Momentum initialization distribution(s)
qt(vi|zi—1, ) and inverse model(s) r;(v¢ |z, x)
Require: HMC stepsize and mass matrix €, M
Draw an initial random variable zg ~ q(zg|x)
Init. lower bound L = log[p(x, zg)] — log[q(z0|)]
fort=1:T4do
Draw initial momentum v; ~ q;(vi|z, z¢—1)
Set z;, v; = Hamiltonian_Dynamics(z;_1, v})

Calculate the ratio a; = p(f’(ziff §§j§5§I§ZL>

Update the lower bound L = L + log|oy]
end for
return lower bound L, approx. posterior draw zp

IFT6266 Hiver 2017 — Aaron Courville



HVI: Generative model of MNIST

Model logp(x) logp(x)

HVI + fully-connected VAE:
Without inference network:

5 leapfrog steps 90.86 87.16
10 leapfrog steps 87.60 85.56
With inference network:

No leapfrog steps 94.18 88.95
I leapfrog step 91.70 88.08
4 leapfrog steps 89.82 86.40
8 leapfrog steps 88.30 85.51
HVI + convolutional VAE:

No leapfrog steps 86.66 83.20
I leapfrog step 85.40 82.98
2 leapfrog steps 85.17 82.96
4 leapfrog steps 84.94 82.78
8 leapfrog steps 84.81 82.72
16 leapfrog steps 84.11 82.22

16 leapfrog steps, n; = 800 8349 ( 81.94 )
From (Gregor et al., 2015):

DBN 2hl 84.55
EoNADE 85.10
DARN 1hl 88.30 34.13
DARN 12hl 87.772

DRAW
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